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In this paper we show that the best approximation of a convex function by
convex algebraic polynomials in L,, 1< p <20, is O(n 7). & 1993 Academic Press. Inc.

1. KNOWN RESULTS AND MAIN THEOREM

Let us denote by H, the set of all algebraic polynomials of degree <n
and by

E(f),=nf{f—P|,, PeH,}

the best L, approximation of f" by polynomials from H,.

We denote by K[ — 1, 1] the set of all convex functions on [ —1, 1] such
that max, .., ; f(x)=1, min _,; f(x)=0

In [2] it is shown that the best algebraic approximation of a convex
function in L, for 1 <p < oo is

E(f),=o0(n"%7).
In {1] it is shown that
E(f),=0(n"?).

In these papers the type of the approximating polynomial is not discussed.

MAIN THEOREM. Let fe K[ —1,1]. Then for every n there exists a
convex polvnomial Q, of degree <n such that

If—Q.l,<4n"?",  1<p<oo,

where A is a constant independent of f and p.
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2. NOTATION AND LEMMAS

We shall use the function

0, for —1<x<a
(x—a)/(1 —a), for a<x<l

ga(x)={

and Chebyshev polynomials

T,(x)=cos(n arccos x), xe[—1L 1]

We denote by f[x,_,; x;; x;, ] the second divided difference, i.c.,

ey _ S(x;_1) _ S(x;)
SUe i % xi+l]—(xi—1_xi)(xi~l—xi+l) (X = x)(x;— X4 4)
f(xi+l)
(xi*xlw»l)(xi-l_xi—}])‘

LEmMMA 1. Let G=0o0n [—1,1],

G,(x)=rl G(1) di,

Gz(x)=fjl G,(t)dt='r (x—1)G(t) dr,

-1

(;2(1)=j11 (1—1)G(t) dr =1,

and let the constant a be defined by

1

1
j xG(x)dx=a f G(x) dx. (1)
-1 -1
Then
1. G, is a convex function,

Ga(~1)=Gy~1)=0,
’ —_ 1 N
Gl =g=—. lal<I: @)

Gox)=gu(x), xe[-11];

fLi(Gox) — gu(x) dx = (1/2) 1| (x—a)’ G(x) dx;
la— &l <L Ix =& G(x) dx/f' | G(x) dx for arbitrary &;
Y (x—aP G(x)dx <[" | (x—&)> G(x) dx for arbitrary ¢.

ok W
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Proof. 1. The convexity of G, follows by the construction. It is
obvious that G,{(—1)=G5%—1)=0, lal <1, and G5(1)=1/(1 —a), since

1 l 1
G’2(1)=Jw‘ Glx) d =~ j,l xG(x) dx

:(‘_1 (fil (x—l)G(X)dx“"fjl G(X)dX>

1
== (—14+G5%1)).
a

2. Gyx)=z g x), xe[—1,1], because G,=z00n [—1,1], G,(1)=1,
G,(~1)=0, G5(1)=1/(1 —a)>0, G, is convex, and g.(x)=1/(1 —a),
xe(a, 1].

3. Consider

I= 2[ xY)dx= 2fl(fxl(x—u)G(u)du—gAx))dx
- (j‘lj (x—u)G(u)dxdu—jl(x—a)/u—a)dx)

=J’ (1—u)? G(u) du—1+a

= (@ 2a— )1 =)+ (1= aF) Gl du—1+a

_j du+(1—a)<j1 (a+l-2u)G(u)du—1>

=j (a—u)? Gu) du

1

+(1—a)(2 jl (1 — ) G(u) du— (1 —a) f”l

1
=f (a—u)? G(u) du
-1

which proves part 3.
4. Let & be arbitrary. Then

', xG(x) )dx lf’ , (x—=&) G(x) dx j" , |x—¢&| G(x) dx
la=<= G dx l Gnde | JL, Gx)dx

G(u) du— 1)
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Part 5 follows from
1

fll (x—a)’ G(x)dx='f

1 (x =8+ 2(x = &)¢ —a) + (£ —a)®) G(x) dx

=j‘ (x—é)ZG(x)de(c—a)j' xG(x) dx

—2(¢—a)é jil G(x) dx + (£ —a) jll Glx) dx

[ x—ercmdr—(a—er [ Gx)ds

<[ (-erGyax

The lemma is proved.

Let us consider the polynomials

T.(x) \*
R, n(x)=( ) ,
x—x,“,
where
T,(x) = cos(n arccos x), —-1<xg
and
2k —1
Xi,n =COS ly s lp= o 7, k=1,2,.,n;
Rk.nEHZq(nfi]‘

Let x=cos y, ye [0, n].

LeMMA 2. For any xe[~1,1]

T(x) | o min{lnly—te,l}
X—Xg n = |y_tk,n| vV 1——x,2‘_,,.

Proof. 1t is obvious that |7,(x)| < 1. On the other hand

| T,(x) = T,(x) = T,(xy )| = lcos ny —cos nt, |

=nly—t,|l—sinng|<n|y—1, .l
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where ¢ eint(y, ¢, ,). It follows that
|7‘,,(X)| <mln{ 1’ n | )"_ rk, nl }

We now estimate |x —x; ,|:

y+tk.n : y_tk.n
Sin

[x —x,_,| =|cos y—cos t, ,| =|2sin 7 >
> \y_ Ik,nl sin I \}’_ lk.n‘ LY, 1 _xlzt.n
= on— .
L s

The fact that sin((y+1. ,)/2)=sint, /2 follows from the convexity of
sin x on [0, n].
The lemma is proved.

LEMMA 3. There exists an absolute constant C, such that
T.(x)

X=X

n
2 C —me—

\/l - xi. ”

for |)'_ tk.n’ < l/n

Proof.
Tn(x) _ COs n}'—COS ntk.n _ 2Sin(n(y+tk.n)/2) Sin(n(y_tk.n)/2)1
X—Xp . | cosy—cost,, | | 2sin((y+ e ,)/2) sin((y—1i.,)/2)

(n(y — tx. )/m) sinn(y + 1, ,)/2))  2n [sin(n(y + 1, ,)/2)]
((y =t )2 sin((y+2,)/2) |7 wsin(y+1,,,)/2)

But |y—1t, <1l/n, s0o y=1, ,+¢ where |¢|<1/n, k=1,2,..,n We have
in 2k—1 +n£
={sin|n T+ —
2n 2

vk ain [ T BEY
—‘( 1) sm( 2+2>\—

. n(y+i,)
‘sm 3

B Sin n(2tk_,, +8)
- 2

ne S 1
€cos —| =cos =.
2 2

On the other hand

y+1

R k.on . & . & . &
sin —-2—-—=sm e nt =smtk',,cos—+sm§costk‘,,

2 2

. & . —
<s1ntk_,,+sm§<231n1k_,,=2\/1—x,2(‘,,. (3)

The lemma follows.
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LeEMMA 4. For any integer g there exists a constant C= C(q), such that
fO" |y_ tk‘nl < l/na

1 Txx))“ < n )M“
——| dx2(C|——== .
J.1<x—_xk,n 1/1—x,2(‘,,
Proof. Using Lemma 3 we obtain
1 T 29 n c 29
[ (__(zf_>_> dx= | <__93_y___> sin y dy
1 AX =Xy, 0 \COS y—COS I, ,

et U cos n 2
;j (———————}i— sin y dy
= 1/n COS_})'—COStk‘"

>C< n )2" sintkv,,zc( n )2"'.
1—x; n 1—x3?

n k.n

LEMMA 5. For any integer q, q= 3, there exists a constant C = C (q),

such that
! T(x) )2" ( n )2"2
X=Xl | ——) dx<C|——== .
-[—1 | o (x_xk,n V1-xi,

Proof. Let g>3, integer. Then using Lemma 2 we obtain

= e g ()

_ X Xpn

in{1 ~1t 24
min { ,nly' k,nl}) dy
|y =t al sinty ,

2 . 1 2

. n mmni{n S, |y—1i,

=n24J sin y |cos y —cos 1 | ( : ) ( { o ]}> @
. sin tk.n 1y—tk‘n|

m
Snz"J‘ sin y |cos y —cos 7, ,| (
0

We spilit this integral into three parts

tin— L/n fnt 1/n n
| +| T S Y A 2
0 7

ko= 1/n tn+ Lin

and estimate each one. Let us begin with /,:

o+ Un no N\ /min{n"', |y—1,, 1 )\*¥
12=f sin y {cos y —cos £, ,| < - ) ( { ko dy
lin—1/n sin £y , y— il

g+ 1/n . n 2q
='{ sin y [cos ¥y —cos ;| | = dy
fxn— Vn s tk, n

24 agen+I/n ) —

n ‘ L Yt .

=~ j 2sin y sin YT ken gin Y~ tel dy
Sin tk',, ton— tin 2 2

n 2 -2 n 24-2
c( : ) =c(~—-~> .
sin ’k.n 1 ——xi n
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Here we use that |y —17, ,l<n !, (3), and

sin y=sin(y— 1t ,+ i ,)
=sin(y—1, ,)cost, ,+cos(y—1, ,)sint, ,
<sin(l/n) +sin ¢, , <2sin¢, . 4)
We now estimate /,:
! =J:m n sin ¥ [cos y—cos 1y | ( _n )2" (min{n Ly —tl }>2" dy
0 Asin g, [y =14l

' tn L vt b, o ly—t
= (sin r.,) > 2(y—te.,) *sin ysin —"sin 1Y~ bl dy
k. n o k. ] 3 >

. thn i N
< (sin tk_,,)’z"f |y ~te ] 2% siny smz—EL dy.

0
Using that
sin y=sin(y —1t, ,}cos {, ,+cos(y—¢, ,}sins,,
Sly_{k‘nl_%Sin ’k.n (5)
and
. y+t . =1 N §
sin 2—2"—‘—"‘: sin 1, ,, cos Y= lken 4 cos li . SID —%
SSin tk,n+|y_tk,n| (6)
we find
T 3 A i
sin y sin '——2—Q< (ly—ti ol +sint, ,)?
2|y =15 .|* + (sin 1, ,)7).
Let v=1, ,—y. Then
2 I'm dv + 2 f’m dv
" (sin )% i 023 (sing, )2 2y 02!
2 j% dv 2 f“‘ dv
\(Sin tk.n)zq n UZq 3 (Sin tk,n)2472 t/n v2q o

c(." >2q~2=c(——-——" >2H_
sin tk,n 1— xi. "

I, is estimated similarly. This establishes the lemma.
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LEMMA 6. For any integer q, q=4, there exists a constant C=C(q),

such that
1 T 24 243
j (x_xk.n)2("_~—"(X) ) dx<C< .n ) .
- X=X, sin ¢,
Proof.
1 T 2q
1= (x—xkﬂz(—ﬂfL) dx
—1 X — xk_ n

T min{l,n|y—t¢ 29
<n¥ J‘ sin y(cos y — cos t,(.,,)2< { B - k'"”) dy
0 |y —te ol sin gy,

29 : -1 . 2¢

n L min{n ', I

=n2"( - ) j sin y(cos y — cos rk‘,,)2< { ¥ =t }> dy.
sin /., o [V =tk nl

We split this integral into three parts

ten— 1/n en+ 1/n n
[+ +[ =n+ne+r
o

ng+ lin tkon+ tjn

and estimate each one. Consider first I,. Using (3) and (4) we obtain

, n 24 ctgn+1in .
L=n%*{- I sin y(cos y —cos 1, )’ dv
sy, ton—1/2

2¢9-3
n
<Cl= .
sSin tk,"

Now estimate /,:

n 24 ptia—1/n dy
I =1t2"< - ) f sin y(cos y —cos t; ,)? —————
! sint,. ) Jo Heo8 = 1 )
29 ton-- 1/n ' 2 ,
Yi9 k. . . y+tkn - l,} tk n|) d)
L= sin y | 2 sin =~ sin .
(sin 7, )% jo ) ( 2 l 2 (¥ =10,

n teon— /0 Y+t 2 dy
<—_——————j sin y{ sin -2 .
\(Sln tk‘,,)zq [ y( 2 ) (y——’k,n)zq72

Using (5), (6), and Holder’s inequality we obtain

1\ .
X3k ) <1y =t ol +sin ey ,)°

sin y (sin

<4(ly—t, 1P+ (sing, ).
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So

44 thon— 1/n d_}’
1 S 2 J‘
( )* Jo

sin fy ,, [y—1t,,0%°

44 J-uw ~1n dy
0

(S]ﬂ tk,n)zq i ‘y_tk.nlzq 2

Let ¢, ,— y=uv. Then

< 471’2"’ J-fA;n dv 47132" J.,A,_n dv
P (sin g )2 e 0277 (sinty )2 e 0%
47'(2" x dv 47[2‘1 o dv
T (sin 4y ) Jlm v 3 (sint, )% ? JU" p24- 2

2¢—-3
n
<C|— .
Sln ,k‘"

I, is estimated in the same way. This proves the lemma.

3. THEOREMS

THEOREM 1. There exist absolute constants C, and C,, such that for any
k=r, r+1,..,n—r, r=[2C,+2], there is a,e[—1,1] and a convex
polynomial G, , of degree <8n—06, n>2r such that

(@) Ixpn—al <Cy(sint ,)/n;
(b) 0<Gy (x)~g,(x)<L;
(©) 11Gss—8ul,<Con 7 1< p< .

Proof. Let us consider the polynomial

T.(x) >8

_xk,n

Gil(x) =7, (
x
xe[—1,1], where y, is a constant. We want to apply Lemma 1. Denote

Goslx)=[ (x=u) G du

We choose y, so that

1 T ) 8
G“(l):ykf 1(1“"‘)( (%) ) bt

- .‘r—xk."
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g
vk=1/r (l—x)(—-———T"(x) ) dx
=1 X— Xp n

D) =1(1—a),

where g, is defined by (1). But

and

1 1 T ) 8
Gu)=] Guwde=y [ (25) ax
- - Vkon

It follows that

( T 8
v —ap=n | (F250) ax )

X=Xy p

We now prove (a). Let { =x, , in Lemma 1 in part 4. Then using Lemma 4
and Lemma 5 with ¢ =4 we find

JUy b= x (T = x,,))* dx
fL (T (x)/(x— xe ) dx

6 . 7 .
n sin ¢ sin 7

S(:l( ’ ) ( k‘n) =C1 k,n. (8)
sy, n n

The claim (b) follows by the construction and Lemma 1.
Now we estimate y, using (7). We have, by (8),

|, —x, 0l <

2

T—la ] =1 =X al +xp 0l = la] = 2 — X, —ay,
1., C, .
>3 8% e p 2SNt
1.,
;Z sIn® ty ., 9)

when

. 4C,
sinf, ,=2—,
n

which is the case when

min{k,n—k}>2C, +1/2,
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by the inequality sin > min{t, - ¢}, valid for 0t <n. Let r={2C, +2]
and k=r, r+ 1, .,n—r, n>2r. By (7), (9), and Lemma 4 with g=4 we
find

Ay

tk

C3 (Sin Iy, n>7 =C (Sin tk.n)s
=C; ———

<— R 10
(sin 7;_,)? n n’ (10)

where C; is an absolute constant. Now estimate the approximation in L,
and L,. Using Lemma 1 and Lemma 6 with g =4 we find

1
G2k =8uli =] (Gaulx) = gu(x)) dx
1
<[ (r—x,) Gy Ay < Con 2
-1

The estimate (c) follows trivially from [|-,< |-l "7 |I-II}”. Theorem 1 is
established.

Let us consider the points x, ,, k=r, r+1,.,n—r, from Theorem 1.
Let C, be the constant from (a), Theorem 1, and r={[2C,+2], and
assume that n>2r+ C,+1. Choose /<k so that k—/=[C,]+1 and
r<l<k<n-r Then x, ,<x,,, and

since

x,v n —Xk' n = CO0S [/_n — COS tk‘"

tk.n+tl.n . tk,n—tl,n

=2 5]

sin 3 sin 3
22tk'"_t/’"sin lent lin

n 2

2 . hatta((2k=Dn (21—1)11:)
=— Sin —

b4 2 2n 2n
k—1 . , k—1 .
> (Sin 4+ S0 0 ,) 2 sin gy,

n

The distance between a, and a, is

Q==X ,— X ,— (X, ,—a) + (x4 —ay)

sin ¢
krs 0

sin ¢ sin t, sin 7,
k.n+ .n)_Cl .n_Cl
n n n n

?(k—l)(
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for k—I/=[C,]+ 1. On the other hand
a—ap<lay—x, ) + lxk,n—xl'nl +ix, . —a)

sin ¢, ,, sin¢; ,,

<C,

+ ka,n—xl. nl + C‘l

sin ¢,
< C‘4 Tﬂ’

where C, is another absolute constant. In fact, according to (8),
Xin— 'xk. n=COS tl.n — COS tk, n
e n—1 L gttt
k,n ""sm k.n in
2 2

k—ln t t
g( ) Sin k,n+ I.n,
n 2

=2sin

and

. tkn+tln : tln_tkn
Sin ———=38in{ ¢ + -
2 ko 2

tl.n_tk,n

. t,,—t .
=sin 1, COs i"——z——k‘—3+ Cos 1, sin 3

< sin t,(.,,+(—li~~1)—7£

<(t+(k—Dm)sint, ,<(1+(C,+ 1)m)sin ¢, ,,
since sin ¢, , = 1/n. Similarly
sint;, ,=sin(ty ,+1,,—ti »)
=S$in 1y , €OS(¢; , ~ Iy ) +€OS 1y, SIN(t, , — 1y )

(k—D)n

<sinty ,+ i — 4 Ssint, , + "

<(1+(Cy+ D)n)sin ¢, ,.

By choosing points a, > a,, spaced in this way, we can extract a decreasing
subsequence, which we again denote {a;}7, such that

l>a,>a,> --- >a,,> —1,

C 2C
0<a,_,—a,-sfsint,-‘,,<———n4,/l—lailgg_% 1 —a?, (11)
n

Cs
l—la,|<—,
n

640:73/3-5
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where C5 and C, are absolute constants. Here the second sequence of
inequalities follows from (9) and the fact that |a,| < 1. The last estimate
follows from

1— Iaml =1- |xm, n| + |xm. nl - |am‘ < 1— Yz + 'xm, n _aml

mon

. C, . .
< 51n2 t’". n + ——]- Sln ,"‘I, n S ( 1 + C] ) Slnz t'ﬂ, 7 S ( l + Cl )(n - tln 71)27
" .

<n—1 Hence

since 1/n <sin¢ and sin¢t,, , < o

m, s

2m—1\* 1+C, ,
l-|a,,,|<(1+C,)n2(1— - ) =— Ln?(2n—2m+1)?
2n n
1+C , _1+C
= +2 Lr22r+1)2 < -;2 La2(4C, + 5)
n

We shall use this sequence in Theorem 2.

THEOREM 2. Let [ be a convex nondecreasing function on [ —1, 1] such
that

f(=1H=0, f()=1

Then there exist points

—1l=a,, <a,<a, < ---<a; <ay=1,
and absolute constants Cs, Cg, and C; such that

1-a?
‘ai—_al— I| <C5 —\_/T-—Ls

and

Cq
l—la,|<—
n

and there exists an interpolating polygon h through the points (a;, f(a;)),
such that

(a) h(x)=f(x), xe[-1L1];
(b) h(x)= ;n:+l] ,‘tl'ga,(x), Where

pi=(l—ala, —a;yy) fla;,sa5a, 4], i=12.,m,

2f(a,,)

um+l_1+am,

() If=hl,<Cn " 1<p<o.
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Proof. Let us consider the sequence from (11). Denote by h the
interpolating polygon through the points

~l=a,,., <a,<---<a <ay=1,

ie, if xe(a;, a;,_,) then

a,_|—x X —a;
h(x)=f(a) ————+ f(a,_,)
a;_—4a; a,_,—aq;
and
nm+1
hx)= 3 u84(x)
i=1
where

p,=(—aa,_y—a;, ) fla:;aisa,. ] i=12,.,m

2f(a,)
14a,

Hms1=

Here p, >0 from the convexity of f and 37" u;= 1, because

m+ 1 m+1
I=f(=h1)=} ng,= ) .

i=1 i=1

Obviously A(x) = f(x), xe[—1,1]. Thus

If=hl=] (k)= f(x)) dx

1 ea ! #i(af—.ai—- 1)2
iv‘l f (h(x)— f(x))dx< Y T1<a)

i i=1
T3\ 2 _ 2
< <Cn/1 ) el el

L 2(1—a) n 4

a,

Here the first inequality follows from convexity in the following way: For
a;<x<a;_, we have h(x)=37%" w g, (x)2f(x) 237"\ | ug,(x), and
thus

[ o ax< [ wga o dx

a; i

T i _ K (a,—a,_,)’
—l—a,'J‘a, (x ai)dx_]—a,- 2 .

The estimation of || f — 4|, follows trivially as before. Theorem 2 is proved.
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Proof of the Main Theorem. Let feK[—1,1]. If f is decreasing,
the result follows from Theorem 2 by changing x to —x. If f is neither
increasing nor decreasing it has a minimum =0 at a point x,e(—1, 1).
Define f| by fi{x)=f(x) for —1<x< xq, f1(x)=0 for x, < x< 1, and set
f~fi=/f,. For any n there are convex polynomials Q! and Q2 such that
Ifi—Qill,<Cyn= %, i=1,2. Then Q,=Q)+Q? is again a convex
polynomial, and || f— Q,ll, <2C,n~ *?, which proves the theorem.
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