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In this paper we show that the best approximation of a convex function by
convex algebraic polynomials in Lp , I ~ p < CD, is O(n -2/p

). <1:' 1993 Academic Press. Inc.

1. KNOWN RESULTS AND MAIN THEOREM

Let us denote by H n the set of all algebraic polynomials of degree ~n

and by

En(f)p = inf{ Ilf - Pllp; PE Hn}

the best L p approximation of f by polynomials from H n .

We denote by K[ -I, I] the set of all convex functions on [ -I, I] such
that maxXE[_I,I]f(x)= I, min'E[ l,I]f(x)=O.

In [2] it is shown that the best algebraic approximation of a convex
function in L p for 1< p < 00 is

En(f)p = o(n - 2
ip ).

In [1] it is shown that

In these papers the type of the approximating polynomial is not discussed.

MAIN THEOREM. Let f E K[ - I, I]. Then for every n there exists a
convex polynomial Qn of degree ~n such that

1~p < 00,

where A is a constant independent of f and p.
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2. NOTAnON AND LEMMAS

We shall use the function
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{
a,

ga(x)= (x-a)/(1-a),

and Chebyshev polynomials

Tn(x) = cos(n arccos x),

for -1 ~ x~a

for a:::; x ~ 1

xE[-I,I].

We denote by f[x i- I ; Xj; x j+t] the second divided difference, i.e.,

+ f(x,+ d
(x,-x,+d(Xi_1-X,+t)

LEMMA 1. Let G ~°on [-1, 1],

Gt(x) = [I G(t) dt,

G2(x)= [I GI(t)dt= f
t

(x-t)G(t)dt,

Gz(I)=(1 (1-t)G(t)dt=l,

and let the constant a be defined by

I III xG(x) dx = a G(x) dx.
-I -I

Then

1. Gz is a convex function,

G2 ( - 1) = G;( - 1) = 0,

, 1
G2(l) =-1-' lal < 1;

-a

2. Gz(x)~gAx), xE[-l,l];

3. J~I (G2(x)-gAx))dx=(l/2)J~1 (x-a)zG(x)dx;

4. \a - ~\ :::; J~ I Ix - ~\ G(x) dXW_l G(x) dx for arbitrary ~;

5. J~ I (x - a)Z G(x) dx:::; f~ I (x - ~f G(x) dx for arbitrary ¢.

(1)

(2)
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Proof 1. The convexity of G2 follows by the construction. It is
obvious that G 2 ( -1) = G~( -1) = 0, \al < 1, and G~(1) = 1/(1 - a), since

JI 1 JI
G~(I) = G(x) dx = - xG(x) dx

-I a -I

=~ (f l(x-I)G(x)dx+ fl G(X)dX)

=! (- I + G~( I)).
a

2. -G2(x)? ga(x), X E [ -I, I], because G2? 0 on [ - t, t], G2(1) = I,
G2( -1)=0, G~(I)=1/(I-a»O, G2 is convex, and g~(x)= 1/(1-a),
xE(a, I].

3. Consider

1=2 f
l

(G2(x)-g)x))dx=2 f
l
(f

l
(X-U)G(U)du-ga(X))dX

=2((1 ((X-u)G(U)dXdU-( (x-a)/(1-a)dX)

= f (I - U)2 G(u) du - I + a
-I

=f ((a-u)2+2(a-u)(l-a)+(1-a)2)G(u)du-l+a
-1

=(1 (a-u)2 G(U)du+(I-a)((1 (a+I-2U)G(U)dU-I)

=f (a-u)2G(u)du
-1

+ (1 - a) ( 2 (I (1 - u) G(u) du - (l - a) rIG(u) du - 1)

= f (a - U)2 G(u) du,
-1

which proves part 3.

4. Let ~ be arbitrary. Then
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Part 5 follows from
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r (x-a)2G(x)dx=r ((x-02+2(x-O(~-a)+(~-a)2)G(x)dx
-I -1

1 II=I (x-02G(x)dx+2(~-a) xG(x)dx
-I -1

-2(~-a)~r G(x)dx+(~-a)2rG(x)dx
-I - 1

I fl= f (x-~fG(x)dx-(a-~)2 G(x)dx
-1 -I

~r (x - ~)2 G(X) dx.
-1

The lemma is proved.

Let us consider the polynomials

where

Tn(x) = cos(n arccos x),

and

-1~x~1

2k-1
tk n=-2- n,. n k = 1,2, ... , n;

Let x=cos y, yE [0, n].

LEMMA 2. For any XE [-I, I]

Proof It is obvious that ITn(x)1 ~ 1. On the other hand

ITn(x)1 = ITn(x)- Tn(xk.n)1 = Icosny-cosntk.nl

=n ly-tk.nll-sinn~1~n Iy-tk.nl,
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where ~ E int( y, I k. 'I). It follows that

1T,,(x)1 ~min{l, n I y- tk."I}.

We now estimate Ix - xk."I:

I
' y+tk." , y-tk,nl

Ix-xk.,,1 = Icos y-cos Ik.nl = 2 sm 2 sm 2

The fact that sin((y+tk,n)/2)?sintk,,,/2 follows from the convexity of
sin x on [0, n].

The lemma is proved.

LEMMA 3. There exists an absolute constant C, such that

I
Tn(x) I n

?C--;=~=
X-Xk." jl-xL,

for Iy-tk.nl ~ I/n.

Proof

[
T,,(x) 1 = ICOS ny - cos nlk. n[ = 1 2 sin(n(y + tk.,,)/2) sin(n(y - tk.n)/2) I

x-Xk,n cosy-cos/k,n 2sin((y+lk.n)/2)sin((y-tk.,,)l2)

>-1 (n(y - tk, n)ln) sin(n(y + tk. ,,)/2) I>- 2n Isin(n( y + tk. 'I )/2 )1
:?' ((y-Ik,,,)/2sin((y+tk,n)/2) :?' nsin(y+lk,n)/2) .

But Iy-tk.nl ~ I/n, so y=tk,,,+e where lei ~ I/n, k= 1,2, ... , n. We have

I
. n(Y+lkn)1 I' n(2tk ,,+e)1 I' (2k-1 ne)1sm 2' = sm 2 = sm n 2;:;- n +2

I . ( n ne)1 I ne I I= (- I )k sm - 2+2 = cos 2 ? cos 2'

On the other hand

. y + I k " • ( e). e. I'sm ' = sm Ik ,,+ - = sm Ik " cos -2 + sm - cos tk 'I
2 ' 2 ' 2'

. . I' 2' 2 jl 2
~sm tk.n+sm 2~ sm tk,,,= -xk,n'

The lemma follows.

(3)
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LEMMA 4. For any integer q there exists a constant C = C(q), such that
for Iy- tk,nl ~ lin,r(Tn(x) )2

q
dX~C( n )2

q
-1

-I x-xk,n Jl-x~,n

Proof Using Lemma 3 we obtain

fl ( Tn(x) )2
q I" ( cos ny )2

q
,dx= sm ydy

-I X-Xk,n 0 cos y-cos tk,lI

f'k + lin ( COS ny )2q
~ sin y dy

'k-I/n cosy-costk,1I

( n )2q sin t (n )2q
- I>- C __k,_n = C

r J 2 J 2l-xk,n n l-xk,1I

LEMMA 5. For any integer q, q ~ 3, there exists a constant C = C(q),
such that

1 ( T. (x) ) 2q (n) 2q - 2
f IX-Xk,nl -.:. dx~ C J 2 .
-I X Xk,n l-xk,1I

Proof Let q ~ 3, integer. Then using Lemma 2 we obtain

1=r IX-Xk,nl ( Tn(x) )2
q

-I x-xk,n

~ n2q fn sin y leas y _ cos tk,nl (mtn{l, n 1(:- tk ,lIl })2
q

dy
o y-tk,n slntk,n

f" , ( n ) 2q (min{n - I, Iy - tk III }) 2q
= n2q

sm y leas y-cos tk,nl -.-- I ,_ 1 ' dy.
o smtk,n,} tk,n

We split this integral into three parts

1'k .• -1/1I f'k,.+l/n f"
+ + =/1 +/2 +/3

o ~.-10 ~.+10

and estimate each one. Let us begin with 12 :

f
'k .• +l/n ( n )2q(min{n-1,Iy-tklll})2q

12= sin y Icos y - cos tk, nl -,-- I _ I' dy
Ik .• -I/n sIn t k ,lI Y t k ,lI

= f'k.n+ lin sin y Icos y-cos tk,nl (_,_n_)2
q

dy
'k" - lin SIn tk, n

(
n )2qf'k.• +lin , ,y+tkn . IY-tklll= --- 2 sm Y sm . sm ' dy

sintk,n 'k .• -lln 2 2

~c(-.n )2
Q

-2=C( n )2
Q

-2,
sm tk. n Jl-x~,n
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Here we use that Iy-tk.nl ~n I, (3), and

sin Y = sin( y - tk. n+ tk, n)

= sin(y - t k, II) cos t k, n + cos( y - (k, n) sin (k, n

~ sin( lin) + sin (k,n ~ 2 sin t k , n' (4)

We now estimate II:

f
t
',. I/n . ( n )2

q (min{n 1,IY-(knl})2
q

II = SIn Y Icos y - cos t k III -.-- ' dy
o ' SIntk,n IY-(k.1I1

f
tk

'.=(sintk . n ) 2q 0
1/11 " F + (k n ' IF - (k nl

2(y - (k, n) 2q SIn Y SIn' 2' sm . 2 ' dy

~ (sl'n (k,n)-2q fl

',. lin I I ' + I' ,y+ (k n d
"::: 0 Y - t k, II -q SIn Y sm 2' y,

Using that

sin Y = sin( Y - (k, II) cos (k, n + cos( Y - (k. n) sin (k,,,

~ IY- (k,lIl + sin t k ,lI

and

we find

, . F + t k II I I' 2smysIn' 2' ~(Y-(k,1I +sm(k.n)

Let v = t k, II - Y. Then

2 ft
',. dv 2 fl

',. dv
II~ --+ --"" (sin t )2q , v2q .- 3 (sin t )2q - 2 . v2q Ik.n lin k,n lin

(
n )2

q
-2 ( n )2

q
-2

~c -- =c
"" sin t k ,lI Jl-x;,n'

13 is estimated similarly. This establishes the lemma,

(5)

(6)
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LEMMA 6. For any integer q, q ~ 4, there exists a constant C = C(q),
such that

I 2( Tn(x) )2
q (n )2

q 3f (X-Xk.n) dx~C -.--
-I X-Xk.n SIn tk.n

Proof

I ( T (x) )2q

1= f (X-Xk.n)2 n dx
-1 X-Xk,n

fIr (min{l,nlv-tknl})2q
~ n2q sin y(cos y - cos Ik. n)2 1 i" dy

o y-tk.n SInlk.n

(
n )2q

f" (min{n-
I ,IY-Ikn l})2q

= n 2q -.-- sin y(cos y - cos tk, n)2 I I' dy.
smtk.n 0 y-Ik.n

We split this integral into three parts

and estimate each one. Consider first 12 , Using (3) and (4) we obtain

(
n )2q flk .• + lin

12= n2q -.-- sin y(cos y - cos tk. n)2 d"v
sin t k • n Ik.• -li2

(
n )2q -3

~C -.-- .
SIn I k n

Now estimate II:

(
n )2qflk.• -lin dy

II = n 2q -.-- sin y(cos y - cos Ik. n)2 )2
SIn Ik. n 0 (n(y-Ik.n) q

n 2q flk .• --lin. ( . y+tkn . ly-tkn l )2 dy
~ ( ')2 SIn Y 2 sm 2' SIn' )2SIntk.n q 0 2 (y-t k.n q

n
2q

{Ik.• -l/n . (. y+tkn )2 dy
~ ( . )2q Sill Y SIn 2' ( )2q - 2'SIntk,n 0 y-tk,n

Using (5), (6), and Holder's inequality we obtain

. (, y+tkn )2 (I I' )3SInY SIn 2' ~ y-tk.n +smtk. n

~ 4( 1y - tk,nl 3 + (sin tk. n)3).
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Let t k. n - Y = v. Then

/3 is estimated in the same way. This proves the lemma.

3. THEOREMS

THEOREM 1. There exist absolute constants C 1 and C2, such that for any
k=r, r+l, ...,n-r, r=[2C 1 +2], there is akE[-I, 1] and a convex
polynomial G2• k of degree ~ 8n - 6, n > 2r such that

(a) IXk. n - akl ~ C1(sin tk,n)/n;

(b) O~G2,k(.x-)-guk(x)~I;

(c) IIG2,k-ga.llp~C2n 2iP, 1~p< 00.

Proof Let us consider the polynomial

X E [ - 1, 1], where}'k is a constant. We want to apply Lemma 1. Denote

G2,k(.X-) = r (x-u)Gdu)du.
-I

We choose }'k so that

fl ( Tn(x) )8
G2,k(l)=Yk . (I-x) dx= 1,

-1 X-Xk,n
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i.e.,

If I ( T (:I:) )8
Yk= 1_

1
(I-x) X-'::'~k.n dx

and

where ak is defined by (1). But

It follows that
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(7)

We now prove (a). Let ~ = Xk. n in Lemma I in part 4. Then using Lemma 4
and Lemma 5 with q = 4 we find

The claim (b) follows by the construction and Lemma 1.
Now we estimate Yk using (7). We have, by (8),

I . 2 C•.
~ -2 SIn t k n - - SIn t k n. n .

when

. 4C,
SIn t k n~-'. n

which is the case when

min{k, n - k} > 2C I + 1/2,

(9 )
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by the inequality sin t~min{t, 11:--t}, valid for O~t~11:. Let r= [2C I +2]
and k=r, r+ I, ...,n-r, n>2r. By (7), (9), and Lemma 4 with q=4 we
find

( 10)

where C3 is an absolute constant. Now estimate the approximation in L I

and L p • Using Lemma 1 and Lemma 6 with q = 4 we find

II G2.k - g"J 1 = r (G2.k(.\:) - g",(x)) dx
-I

~r (x - X k . ,,)2 G 2(x) dx ~ C 2 n -2.
-I

The estimate (c) follows trivially from 1I·ll p ~ II-II~- lip 11·11 liP. Theorem 1 IS

established.
Let us consider the points Xk. ", k = r, r + I, ..., n - r, from Theorem I.

Let C 1 be the constant from (a), Theorem 1, and r = [2C] + 2], and
assume that n>2r+C]+1. Choose I<k so that k-I=[C]]+I and
r ~ 1< k ~ n - r. Then x k,,, < XI"" and

sin t k "
XI,,-Xk ,,~Cl --'-,,. n

slOce

=~ sin tk,,,+t l,,, (2k-I)1t
11: 2 2n

(2/-1)11:)
2n

k-l. .) k-I ,
~-- (SIO tk ,,+ sin tl " ~-- SIO tk non ' , n '

The distance between a, and ak is
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for k -I = [C1] + 1. On the other hand

al - ak ~ lak - xk,,,1 + Ixk,,, - xl,,,1 + Ix l,,, - a/I

~ sin'k, " sin' I, "
"" C 1 ---+ IXk ,,-xl,,1 + C 1 --n " n

C
sin 'k,,,

~ 4---,
n

where C4 is another absolute constant. In fact, according to (8),

and
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(
t -, )sin t + I,,, k, "

k,,, 2

(11 )

, t l,,,-lk ,,,+ t ' 11 ,,- tk "
= SIll t k, " COS 2 cos k,,, SIll ' 2 '

, (k -I) n
~SIll tk ,,+---, n

~ (1 + (k -l)n) sin 1k,,, ~ (I + (C 1 + I )1t) sin 1k,,,'

since sin t k ,,, ~ lin. Similarly

sin 11," = sin( t k, " + 1I,,, - 1k. ,,)

= sin tk ,,, cos(tl,,,- tk,,,) + cos tk,,, sin(I I.,,- tk,,,)

, , (k-I)n
~ SIll 1k " + t k " - 1/ " ~ SIn 1k " +---, " , n

~ (1 + (C1 + I )n) sin t k ,,,'

By choosing points a k > ai' spaced in this way, we can extract a decreasing
subsequence, which we again denote {a,.};", such that

l>a 1 >a2> .. , >am > -1,

O C4 . 2C4~ C5~
<ai_l-ai~-sIll'i"~-- l-la,.I~- l-a,n . n n I

C6
l-Iam l~2'

n

640'71')·5
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where Cs and C6 are absolute constants. Here the second sequence of
inequalities follows from (9) and the fact that lail < 1. The last estimate
follows from

1-la",1 = 1-lx"",,1 + Ix"""I-la",1 ~ I-x~,,,+ IXm,,,-aml

~ sin 2 t", ,,+ C I sin tm " ~ (I + C I ) sin 2 t", " ~ ( I + C I )( n - tm ,Y,. n' , ,

1+ C 1 2 0 1+ C 1 2 2
=--2-n (2r+I)·~--2-n (4C 1 +5).

n n

We shall use this sequence in Theorem 2.

THEOREM 2. Let f be a convex nondecreasing function on [ - I, I] such
that

f( -I) = 0, f( I ) = 1.

Then there exist points

-I=am+l<am<am--l< ... <a1<ao=l,

and absolute constants Cs , C 6 , and C7 such that

JI-a 2

lai-a'_II~Cs " i=I, ...,m,
n

and

and there exists an interpolating polygon h through the points (ai' f(aJ),
such that

(a) h(x)~f(x),xE[-I,I];

(b) h(x) = L;:+ll Ili gUi(X), where

i= I, 2, ... , m,



CONVEX ALGEBRAIC POLYNOMIALS 301

Proof Let us consider the sequence from (11). Denote by h the
interpolating polygon through the points

i.e., if x E (a;, a i _ I) then

and
m+l

h(x) = I Ili ga,(X)'
;=1

where

i= 1, 2, ... , m

Here Ili ~ 0 from the convexity of f and L;"~+ll Ili = 1, because

m+ I m+ I

1=f(I)=h(1)= L lliga,(1)= L 11;·
i= 1

Obviously h(x) ~ f(x), X E [ -1, 1]. Thus

i~ 1

Ilf - hill = r (h(x) - f(x)) dx
-I

= II r- I
(h(x)-f(x»dx~ I llli (a i -a, 1)2

i~1 a, ;~1 2(1-a;)

~f Ili (C5~)2+llm+l(1-lamlf~C7n-2.
i~12(l-aJ n 4

Here the first inequality follows from convexity in the following way: For
ai~x~ai_1 wehaveh(x)=L:;~+/IljgaJx)~/(X)~L7~+'~1Piga)x), and
thus

r- I

(h(x)-f(x»dx~r-' Il;ga,(x)dx
~ u/

Il, fa,-I ( )d 11, (a,-a,_1)2
=-- x-a, x=--

1 - a, a, 1 - a, 2

The estimation of 111- hll p follows trivially as before. Theorem 2 is proved.
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Prool 01 the Main Theorem. Let 1 E K[ - 1, 1]. If 1 is decreasing,
the result follows from Theorem 2 by changing x to - x. If I is neither
increasing nor decreasing it has a minimum =0 at a point Xo E (-I, I).
Define II by II(x)=/(x) for -1 :0:::; x:O:::; Xo, II(x)=O for xo~x:o:::; 1, and set
I - I, = 12' For any n there are convex polynomials Q~ and Q~ such that
1I/;-Q~llp:O:::;C7n~2IP, i=1,2. Then Qn=Q~+Q~ is again a convex
polynomial, and 111- Qnil P :0:::; 2C7 n - 2

1p , which proves the theorem.
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